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ABSTRACT 

The   purpose   of    the   present   paper    is    to   demonstrate   that,    in   the 
Bhagwati-Srinivasan   general  equilibrium  model    (1973)  with  many   industries, 
many  primary   factors,   many   imported    inputs   and   non-separable   pro- 
duction  functions,    the  weak   Stolper-Samuelson   theorem  defined  by 
Chipman    (1969)    is  valid,    if    the   factor    inputs  matrix   is   a   P-raatrix. 


The   views   expressed   here   are    the   responsibility   of    the   author  and   do 
not    reflect    those   of    the   Department   of    Economics   or    the  Massachusetts 
Institute    of    Technology. 


1 

The  Theory   of  Effective  Protection   and    the  Stolper-Samuelson  Theorem 


1.      Introduction 


Let   us   consider   the   j?eneral  eauillbrlum  model  with  n   industries, 
n  primarv   factors,   ra  imported  intermediate   goods   and  non-senarable 
production   functions    (that  is,   BhagT<?ati   and  Srinivasan's  model    (19  73)), 
Suppose    that  protection   is   conferred  on   the  i^th   industry  bv   the 
following   change   in   the   tariff  structure: 

(I)        P|0    >   P,^'  =   P^  (k  =   l,...,m;    i   =   l,...,l''-l,l°+l,...,n) 

M 
where  P,    and  P'    denote   the   domestic  prices  of   the   -Ith   good   and   the  kth 

.1  k 

imported  input,    respectively   and   z   =  dz/z   for  anv  variable   z.      Then  we 
can   ask:     VThat  will  be   the  effects   of   the   change  in   tariff  structure   (I) 
on   domestic  resource   allocation?     This  problem  which   is   at   the  heart 
of  the  theorv   of  effective  protection  has   recently  received  the  attention 
of  several  economists.      The  studies   of  Bhagwati   and  Srlnivasan   (1973), 
Bruno   (1973),   Sendo   (1974),   Tanaka,   Sendo   and  Kakimoto   (1976)    and  Uekawa 
(1976)    are  particularly  significant  in   this    connection.      The  basic   result 
due   to  Uekawa   (1976)   has   established   the   following; 

Proposition   (A) ;      For   any   given  1°    (   =   l,.,,,n)    if  protection  such    as    (I) 
is    conferred  on    the   i°th   industry,    then   there  will  be   a  semi-positive 
resource   inflow   (    at   least   one  positive   factor  inflow   and  no   factor 


1 
I    am  Indebted   to  Professors   J.    ['hafv^ati   and  T.N,   Srlnivasan   for  suggesting 

that  I   investigate   this   problem,      Th-fs   paper  was  written  while   the   author 

was   visiting   M. I.T.   with    financial  support  from  the  National  Science 

Foundation   Grant  No.    SOC   74-13210. 
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withdrawal)    into    this    industry    and  out   of    the   rest   of   the  econoitiv   under 

the   following   two   conditions: 

(i)        There   is   pross   substitutabllitv  between  Inputs   in  each  production 
function,   in   the  sense   that   the  marginal  nroduct  of   anv   innut   does 
not   decrease   as    the   use  of   anv  other  innut  is   increased, 
(ti)        The   rank  of   the  primary   factor  inputs  matrix  is  n. 

The  weak     Stolper-Samuelson   (WSS)    theorem  (Chlpman   1969),   extended 

to  the  present   model  involving  imnorted  intermediates,    can  be  stated   as 

follows : 

The  weak  Stolper-Samuelson    Theorem;         For   anv   given   i"    (   =   l,,,,,n)    if   a 

change   in    the   tariff  structure  such   as    (I)   will   take  nlace,   then  the  real 

price   of   the  i°th    factor  will   go  up,    that  is,  W . o   >  P.o. 

In   the  strong  Stolper-Samuelson   theorem,  we  will  have^in  addition, 
/\  ^ 

W.    <  P,      for   i   ^  i°. 

It  is  well  known   thatjin   a  two-industrv-two   factor  model   involving 
no  imported   inputs^both   proposition      (A)    and   the  weak   (and,   in   fact,    the 
strong)    Stolper-Samuelson   theorem  hold   .      It   Is   interesting  to  ask 
in  our  general  model   involving  more   than   tx-j'o  industries    and  permitting 
imported  inputs-  will   the   conditions    (i)    and   (ii)    that  ensure   the  validitv 
of  proposition    (A)   be  sufficient   for   the  validitv   of  WSS    theorem?     The 
answer  is  negative   in   general.      The   reason  is   the   following,      Tn   the   2x2 
model,   condition   (ii)    implies   a   factor  intensitv   ranking   of   the   industries 
and  this   is  what  ensures    the  validity   of   the  weak   (and   the   strong)   WSS 
criterion.      But,   in   an  n  x  n  model,    condition    (11)    does   not   enable   a   factor 
intensity   ranking   of   the   Industrie"^   defined   in  a  suitable  wav ,    and  some 
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presuTnablv 
condition   to  ensure  such   a   ranklnp  has/to  be  assumed   if   the  V/SS    theorem 

is    to  hold. 

We  mav  suspect,   indeed,      that  the  validity   of   the  Stolper-Samuelson 

theorem  will   depend  on  some  kind  of   factor  intensitv   condition:      for, 

Uekawa-Kemp-Wegge   (1973)    showed   alreadv   that   the  weak  Stolper-Samuelson 

theorem  would  be  valid  under  the  severe  condition   that   the   factor  inputs 

2 
matrix  has   the   Minkowski  property    ,  without   requiring  gross   substitutabllltv 

between  inputs.      [On   the  other  hand,  we  have   so   far  assumed   gross   substi- 

tutability  between  inputs   in  ERP   theory;    this   suggests    that   there   could 

be  some   relationship  between   gross  substitutabllltv   and  one  or  more  of 

the   factor  intensitv   conditions  which  have  been  so   far   considered  by 

several  economists   in   this    literature.] 

Thus,    the  purpose  of   this   paper  is    to   answer  the   follw^lng  question: 

what   condition  would  guarantee   the   validity   of  the  weak  Stolner-Samuelson 

theorem  in   the  B-S   model?      The   following  principal   result  will  be  established 

in  the  present  paper, 

3 

If   the   factor  innuts   matrix  Is    a  P-matrix,      then    t±ie  weak  Stolper- 
Samuelson    theorem  is   valid   in    the  B-S   model. 


'  -1-,    ii. 

Let  A      -(.a      ;,     Then    the  square  matrix  A  is   said   to  have   the  Minkowski 

property   if  it   possesses    an  inverse  with   a        >  0   and   a£0,   i-i^i, 

3 

The  square  matrix  A  is   said   to  he   a  P-matrix  if  all   of   its   principal 

ninors   are  positive. 
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2.      The  ERP   Theorv   and   the   Stolper-SatnueLson  Theorem 

Let   the  production   fimctlon   for   the   ith   pood  be   F   (D   ,M  )    (i  =   l,.,.,n), 
where   D     =    (D, ,...,D^)'    is    the   column  vector  of   domestic   factor  inputs    and 
M     =    (M   , . , ,  ,'^1^) '    is    the   column  vector  of  Imported  inputs. 

We  shall   assume: 
(A-1)    All  inputs   enter  into   the  production  of  each   commodity, 
(A-2)   Each  production   function  is  homogeneous   of   degree  one,    concave   and 

Its  Hessian  matrix  is   indecomposable  with  negative   diagonal   and 

nonnegative  off-diagonal  elements    (i,e,,   gross  substltutabllltv 

between  inputs) 
(A- 3)    Production   takes   place   under  perfect   competition, 
(A-4)    Every   commodity   is   produced 
(A-5)    The  primary   factor  inputs   matrix  D  =    (D    ,, . , ,D  )    is   a  P-matrix 

(i.e.,    a  factor  intensity  condition). 

Let   D  =    (D,  ,, , ,  ,I>  )  '   be   the   endowment  vector  of   the  primarv    factors 

in   the  economy   and  W  =   (Wj^,. ,  ,W^) '    a   factor  prices   vector.      Then   given   the 

fi^  M  M 

domestic  prices   vector,   P  =   (P-, P   )'    and  P     =   (P,  ,..,,?   )',    respectively 

of   tlic   outputs    and   Irpcrted   inputs,   the   competitive  enuilibrlum   conditions 

are : 

■t 

l  =   l,.,,,n 

J    ~"   J- , « •  9  ,n 


1=1 


(1) 

p^fJ  =  W 

(2) 

P    F^   =   P'^ 

i^M 

(3) 

"      i        - 
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where  F  =  (  3F^/?dJ,.  . .  ,aF^/3D^)  '  and  F^^  =  (SF^/SM^ ?IF*/;)M^)'. 

Differentlatlnj»  equations  (1)  -  (3)  totallv,  we  get 

(A)   ^il^oj^r^^  ■"  ''dm^  ^  ■"  ^i"  "  "         ^  =  ^ " 

"  .i 
(6)   E  n  =  0 

i=l 

where   z   =  dz   for  any   variable,    and    fv]    for   anv   vector  v  is    the   diagonal 

i  ?   i        i      i  t 

matrix  whose   (l.i)th   element   is   v.,   and  F       =   (3   F  /3D^8M,  )    =   (F.,,,)', 

1  '  }^J)  IK  UM        ' 

it  i 

i,i    =   l,,,.,n;   k  =   l,,..,m  and   F       and   F^^^  are   defined  similarlv   as   F      , 


Eliminating  M^    (i  =   l,,,,,n),  we   pet 


(7)  A  D     =  -fJ;^(fM       [?"KP     -  P   e)    -  P.W  +  W  i   =    l,...,n 

where   A     S  P.  [F       -   '^oj^C^w^)"   ?.,,.]      is  also  negative  semi-definite  with 
negative   diagonal   and  nonnegative  off-diagonal   elements. 

In   the   change   in   the    tariff  structure   (I) ,   let  i"   =   1  without 
loss   of   generalitv.      Then  we  have 

(I)'      P^    >  P^  =  P^    =  a  (k  =    l,...,m;    i    =   2 n) 

Thus  we   see    from    (I)'    and    (7)    that 

1.1  "        1         1      -1    M        " 

(8)  AD     =-    (a  -  P,)F^^(F^^^)      P     -P^W-VW 

(9)  A^i)^   =  -  aw  +  W  i   =   2,.,.,n 


Now  we  shall  shCT^7   that   the  weak  Stolper-Samuelson   theorem  is   valid 
\nder  assumptions    (A-1)    -    (A-5).      Let   ^  T)     =   c  =   (C  ).      Then   it  suff-tces    to 
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show   that   C,    >  0.      For  we  have    from   (8)    that  W  =    [Wl"   C  +   (a  -  Pi)Fr.M(F     )~  i' 

+  P^e     and   therefore,  W^  -  P^^  =   (C^fV^)   +   (a  -  ^i)  (fJ^^^MM^"^''   >!   ^  ". 
where  e  =    (1,...,1)'    Is    the  sum  vector. 
Subtracting   (9)    from   (8)  ,  we   get 

1*1  1*1 

(10)  AD=AD^-b  1=   2,...,n 

where  b  =   (P^  -  a)  [W  -  fJj^(fJ^)-^'']    >  0 

Multiplying  the   ith   equation  of   (10)   bv   (D  )'    and  noting   (D  )'A^  =  0 
(i   =   1,.,. ,n) ,  we   get 

(11)  D'C  =  -a 

where   a=   (0,    (D^) 'b ,. . . ,(d") 'b) ' , 

Thus,   equation   (11)    satisfies   the  hypothesis   of  Theorem  2   of  Appendix, 
since  D  is   the  positive  P-raatrix,     Hence,  we  see  that  C,    >  0,     On    the 

other  hand,   in  my  paper   (1976)    I   showed  that  equations    (10)    and   (6)   have 

'1 
a  solution  such   that   D     >   0. 

Therefore,   if  protection  is   conferred  on  say,   the   first   industry  by 

the   change   in   the    tariff  structure    (I)',   then   the  real  price  of   the 

corresponding  intensive   factor  will    go   un   in   the  sense   that  W     >  P    ,    and 

at   the  same   time,    there  will  be  a  semi-positive   resource   inflorj  into   this 

industry   and  out  of   the   rest  of  the  economy. 


3.      Apnendix 

Throughout  this  section  we  are  concerned  with  a  square  matrix  A  of 
order  n.   The  following  notation  is  needed. 
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J 
J 
I 


^TJ 


A(i) 


X 

J 


* 


the    i th    row  vector  of   a  matrix  A 

the  set   {1, . . . ,n} 

a  subset   of  N 

the   complement  of  J   relative   to  N. 

the  diapional  matrix  obtained   from   the  identity  matrix  bv   renlacing 

each   jth   row  e     bv  -e.,    j    e   J 

a  submatrlx  of   a  matrix  A  which    consists   of   the   ith   row   and   the    ith 

column  of  A  for  i  G  J  and  j   e  J, 

the  matrix  obtained   from  A   bv  deleting   the   ith   row  vector 

a  subvector  of  a  vector  x  which   consists   of   the   ith   comnorent   of   x,    1   e   J, 

the  emntv  set 


I  will  show   that   the   folloi-zing  interesting   two   theorems   on   the 
P-matrix  are  valid. 

Theorem  1:      If   a  matrix  A  is   a  P-matrix,    then   for  anv  proner  subset  J   of  N 
the  svstem 


aid 


<^>        ^J^J  -  ^-J  ^JJ  '  " 


(2)        -XjAj-  f  X5A33  =  0 


has    a  non-zero  solutlonx  =(x.j     x-)    such   that  x.   >  0 


Proof: 


Let  A  = 


A,        A  - 
JJ        J.T 


Then  since 


-1 


.-1, 


is   a  P-matrlx,   A^,  -   A  -(A — )      A-        is   also   a  P-matrix,      Hence  we  have   that 
•      J  J  J  J     J  J  J  J 

the  inequalitv 


4  -1 

has   a  positive  solution  x   ,        Let   x-  =   x,A  -(A — )      ,      Then  we  have 

J  J  J  JJ     Jj 


and 


^'^   '^j^j  -  ^j^jj '  ^jf^j  -  ^3^^^I^''^5J^ " « 


(5)        -X  A  -  +  x-A —  =  -x,A  -  +  x,A  -  =  0 
J   JJ  J  JJ  J  JJ  J  JJ 


Q.E.D. 


Let   x  =   (x.)   be   a   column  vector   and  let  v  =    (v.)    =  Ax,      Then   A  is   said   to 
1  i 

reverse    the   sign  of   x  if  x  v      <  0   for  all   i,      A  is   a  P-matrlx  if   and  only 
if   A  reverses   the  sign  of  no  vector  except   zero,      (See   Oale   and  Nikaido 
(1965,   TheoremZ)) 

Now   let  A  be   a  P-matrix,      Suppose   the   Inenualitv  vA  >  0  has  no  positive 
solution  V,      Then  bv   dualitv   the  Inequalitv   Ax  <  0  has   a  sentL-positive 
solution   X,      Hence,   A  reverses    the   sign  of  x  and  so  A  is   not   a  P-matrix,    a 
contradiction.      Thus   the   inequalitv  vA  >  0  has   a  nositlve  solution.      See 
Gale    (1960,   n,49)    on   the   dualitv    theorem. 


_q_ 


Theorem  2:        If   a  positive  matrix  A  is    a  P-matrix,   then   the  equation 


(1)        Ax  =  -b 


has   a  solution  x  such   that  x     >  0, 

1  = 

where  b  =  j  .  ,,,|v  for  anv  given  positive  vector  v  and  A(l) 


[a(i] 


Proof:      Since  A  is   nonsingular,   equation    (1)   has  a  unique  non-zero 

solution.      Let  J  =    {l|x     <  0}   and  J  =   {,l|x.  ^  0}  .      Then  J  4  (^  and  J  4  <i>t 
since  A  is   a  positive    matrix. 

Suppose   1  e   J.      Then  we  have   from   (1)    that  the  equation 

(2)         [AIj]e  =  -b 


has   a  nonnegative   zolution   z. 

Since  A  is   a  P-matrix,  we  see   from  Theorem  1  that  there  exists   a 

oon-zero  vector  v  =    (v  y-)    such    that 

J  J 


(3)         ((v^Vj)[I/Ij]).      >0 


for  1  e  J 


(4)        ((vjV3)[IjAIj]).   =  0 


for  i  e  J 


(5)       Vj  >  0 


Therefore  we  see   from   (3)   -    (5)    that 

0 
A(l) 


(6)        (v^y-)    I^ 


>     0 


Note   that  Theorem  2   is   valid,   even   if   A  is   a  nonnegative  P-matrix. 
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and  so 


(7)         (yl_^)b   =    (v^v^)!^^ 


A(l) 


V  >  n, 


sLncs   V  >  0.      We  see   from   (3),    (4)    and   (7)    that   the  Inenualltv 


(8)         u    [AI^l  ^  n   and   u  b    >  0 


has  a  solution  u  =  yl  .   Hence,  bv  dualltv  eouatlon  (2)  ha;  no  nonnegatlve 

J 

solution,    a  contradiction.      We  must  have   1   e  J   and   therefore,   equation 


(1)   has   a  solution   x  such    that  x     ^  0. 


Q.E.D. 


Exactly  one  of  the  following  alternatives  holds.   Either  the  equation 
Ax  =  b  has  a  nonnegative  solution  or  the  ineaualities  vA  _>  0  and  vb  <  0 
have  a  solution  (see  Hale  (1960,  n.44)). 
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